We analyze the absorption of a weak probe field in singly charged n-doped quantum dots in the presence of an external magnetic field in the Voigt geometry. The dots are modeled as double lambda systems. A laser field pumps two of the four active transitions while a probe field is applied along the two undriven transitions. It is shown that for both on resonance and out of resonance driving gain (without inversion) is obtained at two sidebands of the dressed QDs. We found that the peak value of gain can be maximized by a proper selection of both the external magnetic field and the Rabi frequency of the pump field for out of resonance driving. We also show that the coherent driving in combination with above-band excitation allows one to turn the absorption peaks into gain (with inversion) in the whole spectral range.
Introduction
The absorption of a weak signal field by a strongly driven two-level system was adressed in the early 1970s in the pioneering work due to Mollow [1] . There it was predicted that negative values of absorption (amplification or gain) could be obtained at certain frequencies differing from the frequency of the strong field. This would happen when the on resonance driving-field intensity saturates the transition. This prediction was later experimentally confirmed [2, 3] . It was also shown that when the strong field is set out of resonance one of the sidebands exhibits a strong absorption of the weak probe while the other presents gain [3] . This phenomenon has been demonstrated in a variety of physical systems ranging from different species of atoms [4] , quantum wells [5] , and superconducting qubits [6] .
On the other hand quantum dots (QDs) are a salient solid-state platform for the study of ligth-matter interactions. They are small semiconductor islands of nanometre size that, in spite of being formed by hundreds of thousands of atoms, have an electronic structure consisting of discrete energy levels similar to those of an atom. As such they are often referred to as artificial atoms. Much of the research into these systems has focused either on better understanding the confined energy states of electron and holes within them, and also on how to exploit their quantum nature for practical applications. Those applications range from the coherent manipulation of exciton wave functions [7] , optical pumping [8, 9, 10, 11, 12] , resonance fluorescence [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] , single photon generation [26, 32] , rotations of the spin vector [33, 34, 35, 36, 37] , quadrature squeezing and antibunching [38] , coherent population trapping [39, 40, 41, 42, 43, 44] , all-optical switching [45] , to the entanglement of distant QDs [46] , and they have helped to unlock their potential.
Neutral excitons in QDs have been shown to exhibit spectral features in the Mollow absorption spectrum like the ones found in atomic media [47, 48] . In particular it was shown that gain without population inversion could be obtained when both the pump and probe fields drive the same excitonic transition. A similar result was obtained in the case of a singly charged QD and in the absence of an external magnetic field [49] : there a two-level model was used to account for the experimental findings. However, the spectral structure of charged QDs can be modified by the application of an external magnetic field either along the growth direction (the Faraday geometry) or perpendicular to the growth direction (Voigt geometry). This change arises from the lift of degeneracy of the ground and excited levels due (Zeeman splitting) which results in the so-called double Λ system. In what follows we consider singly charged QDs in the Voigt geometry pumped by a strong laser field which drives two of the four allowed transitions and we investigate the absorption of a weak signal which "reads" the state of the system as prepared by the driving field. We show that the probe may experience vanishing absorption as a consequence of CPT when the two-photon resonance condition is met, while at other sidebands the probe field may be amplified without population inversion in the bare basis. We also show that when the strong field is out of resonance, the level of gain can be maximized by a proper selection of the external magnetic field and the Rabi frequency of the driving field. We also consider the combination of nearly resonant and above-band excitation to control the absorption of the probe field. It is shown that in the strong incoherent pumping regime absorption turn into gain with inversion in the whole spectral range.
The paper is organized as follows: Section 2 establishes the model, i.e. the Hamiltonian of the system and the time-evolution equations of the atomic operators assuming the rotating wave approximation. Section 3 present the results of numerical simulations together with a physical explanation of the different effects found. Finally, Section 4 summarizes the main conclusions.
Theoretical model
We consider InAs/GaAs self-assembled QDs with growth direction along the Z-axis embedded in a n-type charge-tunable heterostructure to which a voltage is applied [50, 51] . The application of an external magnetic field along the axis perpendicular to the Z-axis, in the so-called Voigt geometry, lifts the degeneracy of hole/electron levels according to E h(e)
Zm stands for the Zeeman energy shift relative to B x = 0 T, B x being the external magnetic field, and µ B is the Bohr magneton. Quantity g h(e) is the Landé factor of carrier h(e). Each ground state (|1 and |2 ) is linked to the two exciton states (|3 , and |4 ) via linearly and orthogonally polarized transitions as depicted in Fig. 1 .
The Hamiltonian that governs the dynamics of the QD can be expressed in the rotating-wave approximation as
(1)
The free Hamiltonian H A of the system reads as
wherehω j is the energy of the j-th level and σ ij are the Pauli operators. The interaction Hamiltonian H Int is written as
accounts for the interaction of the QD with the optical field of angular frequency ω L which drives transitions |1 ↔ |3 and |2 ↔ |4 , while transition transitions |1 ↔ |4 and |2 ↔ |3 remain undriven. The Rabi frequencies are given by Ω 31 = µ 13 · E 0h /2 and Ω 42 = µ 24 · E 0h /2, E 0 being the slowly varying amplitude of the optical field. We make use of the unitary transformation U(t) = e −iω L (σ 33 +σ 44 )t , thus the new Hamiltonian in the rotating frame reduces to where δ ≡ ω 31 − ω L stands for the optical detuning along transition |1 ↔ |3 , and ω kl = ω k − ω l . The time evolution of the density matrix reads as
Lρ being the Liouvillian of the system which reads Lρ = j=1,2;k=3,4
The terms involving Γ kj arise from Linblad operators which account for the spontaneous photons produced along transitions |k ↔ |j , the terms proportional to γ ii (i = 1, 2) accounts for pure dephasing, whereas the terms proportional to Γ 21 , and Γ 12 arise from an incoherent relaxation process which couples states |1 ↔ |2 bidirectionally. They arise from exchange interaction with the Fermi sea of electrons in the back contact giving rise to spin-flip cotunneling. Finally the terms involving Λ i account for above-band incoherent pumping. The action of a Linblad operator is defined as: L(C) = CρC † − 1 2 (ρC † C + C † Cρ). We project both sides of Eq. (5) onto the set of states |j , (j = 1, 4), and derive the coupled equations of motion for the density matrix elements. It is convenient to define the following vector:
where superscript T stands for transpose, in such a way that the equa-tions of motion of the density matrix elements is reduced to a simple expression
with M being an (8 × 8) matrix, and B a column vector whose coefficients can be easily determined. Steady-state values for populations and coherences are derived through
We are interested in determining the absorption spectrum of a weak probe field which is applied along the diagonal transitions. We assume that the Rabi frequency along the probed transitions is much lower than the Rabi frequencies along the vertical transitions (pump fields), in such a way that the probe field does not alter the population redistribution produced by the strong driving fields. In the steady-state regime, the a absorption spectrum is determined through the conmutator of the atomic polarization operator [1, 52] , and can be expressed as
where Re [ ] denotes the real part of the magnitude enclosed in square brackets, and D − (t) is the negative frequency part of the atomic polarization operator which reads
and µ 14 =ê p · µ 14 , and µ 23 =ê p · µ 23 ,ê p being the unit polarization vector of the probe field. In writing Eq. (7), we abbreviate ω p − ω L by ω, but we should interpret ω as the frequency of the probe field measured relative to the laser frequency ω L since we will assume that the QD is driven by π x polarized laser field. The calculation of A(ω) requires to evaluate two-time correlation functions, which can be performed by means of the quantum-regression theorem [53, 52] .
Numerical results
We consider the four levels of the electron-trion system in the Voigt geometry. The system is driven by a π x polarized laser field detuned by δ from the |3 ↔ |1 transition. The excited level relaxes to both ground states with decay rates Γ 31 and Γ 32 . The same laser also drives the transition |4 ↔ |2 in an off resonant way which in turn results in a small pumping of population in the opposite direction with decay rates Γ 41 and Γ 42 . In what follows we assume that Γ 41 = Γ 42 = Γ 32 = Γ 31 ≡ Γ 0 = 1.2 µeV, and we consider the g factors g e = −0.46 and g h = −0.29, as in Ref. [10] . Dephasing rates γ 11 = γ 22 = 0.08Γ 0 , and cotunneling rates Γ 12 = Γ 21 = 0.004Γ 0 are taken from Ref. [14] . We also assume that transition dipole moments are equal, i.e., µ 13 = µ 24 , which in turn results in Ω 13 = Ω 24 ≡ Ω. We also consider the possibility of incoherent pumping of the four allowed transitions with a pump rate Λ i as in Ref. [31] . 
Steady state populations
In the context of performing state operations over the qubit formed by the two lower levels, and as a result of the non-deterministic charging of the QD, optical pumping is required to initialize the state of the QD. This topic was analyzed in detail in Ref. [10] ,
where it was shown that in the case of applying a strong magnetic field (in the order of 4 T), the four-level system could be approximately described as a Λ-type atomic scheme.
Here we are interested in the regime of low to moderate magnetic fields, therefore population redistribution among the four levels is essential. To this end we start by considering the effect of resonant excitation of the transition |1 ↔ |3 while we set Λ i = 0. The results obtained in the case of considering an external magnetic field of B ext = 1 T are shown in Fig. 2(a) for the case with δ = 0: there we can appreciate that the two upper levels almost share the same level of population while level |2 is highly populated at a particular Rabi frequency (Ω opt ) where optical pumping is relatively high.
Driving the system far from Ω opt results in an inefficient optical pumping which manifests in the obtention of moderate to high values of populations in the upper states. This effect originates from the out-of-resonance driving field Ω 42 which repumps population back from level |2 . Here we will see that this repumping mechanism, which is deleterious for the purpose of efficient spin pumping, allows one to obtain gain at certain sidebands. The existence of an optimum Rabi frequency which maximizes the transfer of population to level |2 also holds in the case of driving the system out of resonance (δ = 0). Results of numerical simulations show that (i) the value of Ω opt depends on the sign of δ, and (ii) such those values for Ω opt are always greater than the ones obtained for the case with resonant excitation. Now we consider the effect of incoherent pumping on the redistribution of populations. An example of such redistribution is shown in Fig. 2(b) which was produced for the same data as in panel 2(a) but Λ i = 0.2Γ 0 . Here we can devise that optical pumping is completely frustrated and that population of states |3 and |4 grow apart as the Rabi frequency is changed. Results of numerical simulations show that these results hold when (i) the coherent field is non-resonant (δ = 0), and (ii) the external magnetic field is increased.
Up to now, we have kept fixed the incoherent pumping rate. In the case of considering a strong incoherent pumping, let's say Λ i = 2Γ 0 , steady-state population of upper levels surpasses that of level |2 for the whole range of Ω as shown in Fig. 2(c) . This behaviour is expected since population is pumped from lower to upper levels at a rate greater than the spontaneous decay rates.
Probe absorption under coherent driving
Now we focus on the absorption spectrum of a weak probe along the undriven transitions in the absence of incoherent pumping. The results obtained for on resonant driving (δ = 0) are shown in Fig. 3(a) : the dashed curve is produced using the value of Ω opt = 0.82Γ 0 which was numerically determined from Fig. 2(a) . Here we recover the dip in the absorption profile associated to a non-perfect CPT which is obtained for a value of ω p such that the two-photon resonance condition is met. The non-null value at the dip of the spectrum originates from the effect of dephasing and co-tunnelling [39] . When the Rabi frequency of the pump field is increased (solid curve) the level of absorption at the dip is further reduced and there appear two small blue detuned gain peaks. This effect is further enhanced for the largest value of the Rabi frequency (dashed-dotted curve) where the level of gain has increased an order of magnitude with regard to the solid curve. It is worth noting that in view of Fig. 2 , the gain is obtained without population inversion in the bare basis. As for the case in which the system is driven out of resonance, we show the results for the absorption of the weak probe in panel 3(b) for the same Rabi frequencies previously considered and δ = −5Γ 0 . Here we want to highlight that one of the absorption peaks and one of the gain peaks become subnatural. The most striking feature relies on the fact that the level of gain at the blue sideband with subnatural linewidth is greater than the level obtained for on resonant excitation. The narrowness of the absorption and gain peaks is reminiscent of the subnatural Raman photons appearing in the resonance fluorescence spectrum experimentally studied in Ref. [17] . Those photons still exhibit a subnatural linewidth for a wide range of values of the Rabi frequency of the pump field [30] .
The spectral features depicted in Fig. 3 (a)-(b) can be explained by moving to the dressed-state picture (DSP). It can be shown that the eigenvalues of the quantum system plus the coherent part of the Hamiltonian are provided by finding the roots of the polynomial 
where the coefficients are given by a 2α = +
We can shed light to the features found in the spectra when considering the so-called secular approximation which consists of obtaining equations of motion of populations and coherences while ignoring the coupling between them (the details are provided in Appendix A) . Under such condition, the absorption spectrum of the weak probe along the y polarized channels (A dsp (ω)) can be split as a superposition of up to eight Lorentzians whose spectral positions are given by Ω jk = λ j − λ k (j, k = α, β, γ, δ) as indicated in Eq. (A.4) .
The validity of the secular approximation can be checked by comparing the spectrum obtained using such procedure A dsp (ω) with the one determined in the bare basis [A(ω) ]. Such closeness of the absorption spectra is shown in panel 3(c) for the largest Rabi frequency (Ω = 5Γ 0 ) and the on resonant pumping case (δ = 0). The blue detuned sidebands where gain is obtained originate from transitions |δ, N ↔ |γ, N − 1 , and |δ, N ↔ |β, N − 1 for the inner and outer sidebands, respectively, and N being the number of photons in the manifold. Since we have found that the level of gain is higher for non resonant driving (δ = 0), now we explore how to optimize the level of gain obtained while considering changes in the Rabi frequency and the external magnetic field. The peak value of the gain at the blue detuned inner sideband can be estimated after a close look to Eq. (A.4) and can be shown to be given by A δγ (ω = Ω γδ ) = (a 4δ a 1γ ) 2 ( σ γγ (∞) − ρ δδ (∞) )/Γ γδ . Figure  4 (a) presents a contour plot for the level of gain at the blue inner sideband and reveals the existence of a pair of values for the external magnetic field and the Rabi frequency, (B opt , Ω opt ) , which results in the highest gain for a value of δ = −10Γ 0 . Numerical simulations carried out reveals that the optimum values for the external magnetic field and the Rabi frequency change as the detuning is modified.
QDs are known to be prone to dephasing, thus it is essential to consider whether the obtention of gain is limited by this mechanism. Figure 4(b) presents the change of the peaks values at the blue detuned sidebands as we change the value of γ 22 . We have produced this panel assuming that γ 11 = γ 22 while the interval of variation for γ 22 has been taken to be from one tenth to ten times the one used in Fig. 3 . In producing this figure we have kept the detuning fixed to δ = −10Γ 0 , and we selected the optimum values for the external magnetic field and the Rabi frequency determined from panel 4(a), i.e., B opt = 0.72 T, and Ω opt = 7.84Γ 0 . Here we can devise that the level of gain at the blue detuned inner sideband is strongly affected by the level of dephasing. Numerical simulations carried out show that this also happens for the blue detuned outer sideband, in spite of the fact that the level of gain obtained is smaller than for the inner sideband. These two figures are useful to determine the range of parameters to maximize the level of gain.
Effect of incoherent pumping on probe absorption
Now we move to a situation in which the above-band excitation is present (Λ i = 0). We have previously seen in Fig. 2(b) -(c) that the incoherent pumping dramatically influences the redistribution of populations among the levels at steady-state. Thus it is expected that this will impact the absorption of the weak probe along the diagonal channels. The absorption of the probe for a fixed resonant coherent driving is shown in Fig.  5 . As for the case of the smallest value of Λ i (thick dashed curve) we can see that the main effect is to produce a substantial reduction of the peak values of the absorption obtained for negative values of ω (compare with dashed-dotted curve in panel 3(a)).
In addition, the two gain features produced at positive values of ω also fade when Λ i = 0. An increase of the pump rate up to Λ i = 0.5Γ 0 (thick solid curve) results in a further decrease of the probe absorption over the whole spectral range. Note that in the case Λ i = Γ 0 (not shown) the probe will be transparent over the entire range of frequencies. Under this particular condition the steady state population fulfill the condition ρ jj (∞) = 1/4 (j = 1, 2, 3, 4) . This should not come as a surprise, since for this value of Λ i the incoherent pumping cancells the spontaneous emission along the different optical allowed transitions. Moreover, this condition holds independently of the values of the external magnetic field and the Rabi frequency of the coherent field. In the case of the largest incoherent pumping (thick dashed-dotted curve) the two absorption peaks turn into gain over the whole spectral range. However, it should be mentioned that gain here is obtained with inversion along the channels involved in the bare basis. Finally, note that the shape of the absorption spectrum can be reproduced in the DSP under incoherent pumping conditions provided the secular approximation holds (see the closeness of the thin curves to the thick ones in Fig. 5 ). As for the largest value of Λ i , the width of the individual Lorentzians become much greater than 2Γ 0 , i.e., a side effect of the above-band excitation is to broaden the transitions between dressed states.
Conclusions
In this work we present a theoretical description of the spectral properties of a weak probe field acting along the diagonal transitions of singly charged n-doped QDs in the Voigt geometry which is driven by a strong optical field along the vertical transitions. The absorption spectrum reveals the obtention of CPT which has been already observed in the laboratory for this kind of QDs. In addition, gain without inversion in the bare basis is produced at specific probe frequencies. Numerical simulations reveal that the level of gain can be maximized when the system is driven out of resonance. The influence of dephasing on the probe absorption is also analyzed showing that this is a limiting factor to obtain gain at certain sidebands. We have also considered the possibility of using a combination of nearly resonant and an above-band excitation to control the absorption of the probe field. It is shown that in the regime of low incoherent pumping its effect is to produce an overall reduction of probe absorption, while in the regime of strong incoherent pumping absorption turn into gain (with inversion) in the whole spectral range. The probe absorption features are fully explained by moving to the DSP in the secular approximation where the absorption spectrum of the weak probe is described as a superposition of Lorentzians whose center, amplitudes, and linewidths account for the different numerical findings. The absorption spectrum of a weak probe field along the diagonal channels in the DSP is derived by making use of Eq. (A.1), and the final results read as 
